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Abstract — A closed form solution for an upper
bound to the multi sensor Riccati equation with inter-
mittent observations ts derived. This solution is then
used as a means to analyse system performance when
the message loss process is a function of the number
of sensors and to determine a simple analytic closed
form method to determine when a message loss pro-
cess causes a measure of the covariance to decrease as
more sensors are added.
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1 Introduction

The continued increase in the applications for ubiqui-
tous sensor systems requires better analytic tools to
design and analyse the performance of these systems.
Frequently sensor systems are not able to reliably com-
municate between the sensors and the nodes where the
sensor information is required. A common scenario is
that of the wireless sensor network where packets are
deleted according to some Bernoulli process, or where
the parameter to be observed is intermittently observ-
able.

The goal of this paper is to study the effects of
the system model, i.e., the model used to describe the
movement of a target and its measurement by sensors,
and the rate of communication failures on estimation
performance. We consider a centralised fusion system
with linear dynamic and measurement equations. Ob-
servations transmitted to the fusion centre are dropped
according to a Bernoulli process with a rate dependent
on the number of sensors. The relationship between
the drop probability and the number of sensors is re-
ferred to as the observation loss function. The main
contribution of this paper is to establish conditions
under which estimation performance will be improved
by the addition of further sensors to a network with
a given system model and observation loss function.
The utility of this result is that it can easily be used
to guarantee a desired level of performance for a range

of observation loss functions. This is an important
consideration in practical systems which must operate
reliably in varying conditions.

Despite the recent focus on analysing the proper-
ties of systems subject to communications failures the
particular problem considered here does not appear to
have been solved previously. Papers by Sinopoli [1],
[2] focus on providing bounds on the drop probability
when the drop probability is independent of other pa-
rameters for a single sensor case assuming the drop pro-
cess is a Bernoulli process. The bound is established
is the lower bound of the drop probability required to
maintain a bounded expected covariance. This single
sensor system was extended to the two sensor case by
Liu and Goldsmith in [3] where the drop probabilities
are different for each sensor (although still constant).
A further development was the development of equiva-
lent estimator stability criteria for a group of IV sensors
including both dropping and bounded delay where the
drop probabilities are constant by Mateev and Savkin
in [4].

Other investigations have focused on specific multi-
sensor scenarios where the observation process is re-
lated to the number of sensors. In [5] the relationship
between sensors and the transmission system is investi-
gated in order to mitigate transmission losses through
increasing the number of samples taken. In further
papers coauthored by Sinopoli [6] and [7] a more com-
plex sensor communications behaviour was modelled
and methods of optimization of the sensor system are
discussed. What is apparent in the discussion is that
incorporating the specific sensor loss relationship into
the problem is a complex exercise which prevents an
analysis of the sensor system when subject to a gener-
alised loss process.

The results in this paper greatly extend on [6] and
[7] by analytically establishing the effects of a general
observation loss function on estimation performance.



2 Problem Formulation

We consider a continuous time linear system governed
by the differential equation

() = Fx () + w ()

where x (t) € R™ is the system state vector and w (¢)
is a continuous time additive process noise with zero
mean and autocorrelation Q.. The state of the system
is coupled to observations through the relationship

y () =Hx(t) + v (¢)

where v (t) is a continuous time additive process with
zero mean with autocorrelation R.

The process is unreliably observed by N observers
and the observations are used to generate a fused es-
timator. Let the event v, ,, be the loss of the obser-
vation Y, (the n th observer at time t;) with a se-
quence of observation events denoted ;. 1.y € 'k, v =

{0, 1}kXN. The event is modelled as an i.i.d Bernoulli
random variable with mean a.The sensors transmit at
equispaced intervals such that for a fixed sampling in-
terval ¢ at time %ts :j=1,...,N the jth sensor
produces an observation. In further discussion we will
refer to a as the observation loss probability and when
the observation loss probability is a function of the
number of sensors we shall refer to this as an observa-
tion loss function a (N).

Using the sensors and the unreliable communica-
tions system discrete observations are taken and a dis-
crete state estimate X (tx) is formed with covariance
P (tx). As the observation process is a stochastic pro-
cess the properties of the estimator are random vari-
ables. An important property of the estimator X (¢)
is limg o E (P (t)), the expected variance of the es-
timator over all sequences in I'y, v as k — oo, i.e. the
value that the variance of the estimator converges to
after a large number of observations. This paper is
concerned with the relationship between the objective
measure function M (limy_,o E (P (¢x))) and the ob-
servation loss function, noting that limy_.. E (P (¢x))
is a function of both @ and N. Imposing the require-
ment that M (limy . E (P (¢x))) be constant requires
that the observation loss function be of a particu-
lar form. We will refer to this form as the charac-
teristic observation loss function « (N, k) where & is
some parametric value. By determining the struc-
ture of a (N, k) it becomes possible to determine if
an arbitrary observation loss function a (N) will cause
the objective function to increase or decrease by sim-
ply considering the properties of a (N, k) rather than
M (limg 00 E (P (t5))) . This is particularly useful in
network design problems as the form of a (N, k) is
solely set by the linear system while a (N) is solely
set by the communications system under consideration.
The study of these two equations allows the optimal

number of sensors to be determined, and the sensitivity
of the system to variations on the number of sensors,
network parameters and observability.

3 Analysis

The analysis is broken into three sections. Firstly the
upper bound of the sensor system of N sensors is de-
termined in the presence of a Bernoulli loss process
and derivatives of this bound are taken. Secondly the
resulting derivatives are used to form differential equa-
tions based on the objective function and the differ-
ential equation solved to form a general expression for
a (N, k) that bounds the constant objective function
contour. Finally these results are used to provide a
method for determining the behaviour of a general ob-
servation loss function a (V) by comparing it against
the characteristic observation loss function a (N, &) . In
order to progress this analysis the following conditions
are imposed.

Notation 1 Ayax (X) means the algebraically largest
eigenvalue of X. Amin (X) means the algebraically
smallest eigenvalue of X. Consequently —Apax (—X) =
Amin (X) . vec X > vecY means that Apax (X —=Y) >
0 when X, Y € S™*m_SM*X™ 4s a symmetric real ma-
trix of dimension m.

Condition 1 That the sensors make observations at
constant intervals ts such that at time (J;Nl)ts t =
1,..., N the jth sensor makes an observation.

As more sensors are added the sampling times of
the sensor set are adjusted so that the interval between
any two sensors measurements is not less than tﬁ while
maintaining the individual sensor transmission interval
of ts. This allows the process of increasing the number
of sensors to be equivalent to simply increasing the rate
at which the system is observed. It can be argued that
ensuring that all observations occur at the same time is
no more or less difficult than ensuring all observations
occur at different times, and there is the added benefit
of reduced correlation between observations.

Condition 2 The sensor system is homogenous.

(HjRj_1H9-)71 is the same for all sensors and exists.

Condition 3 The process parameter F have \; (F) >
0. i.e. —F is asymptotically stable

The principal results of this paper are stated as theo-
rems below. Omitted proofs are found in the appendix
at the end of the paper.

Theorem 1 An upper bound P (a,N) : P(a,N) >
klim E(P (tx)) = P (a,N) on the covariance of a sys-

tem of N sensors subject to an observation loss process



characterised by E (v) = a is given by
_ ~1
vecP (@, N) = (1 — a) (AI*% - aA) X

(Vec P + Avec(B)™!

+ < 4 A+I> leech>
1—-a
where ® is the Kronecker product.

B=HR 'H
ts

Qn = /0W exp (Ft) Q. exp (Ft)' dt

Ay = AV = exp (Fts/N)
G=(FI+I®F)
Ay =AY = Ay®Ay = AT @ AW
and )
P=A(P'+B) A'+Q (2)
1s the solution of the Riccati equation for a single sen-
sor system with reliable observations.

The advantages of Theorem 1 is that it provides a
direct extension to [1], [3] and [4] by providing an up-
per bound to the expected covariance for a fixed N
and fixed a. The disadvantages of this upper bound
are that it is derived assuming the invertibility of B
and F. Both assumptions do not hold in a number of
useful and interesting cases, in particularly in target
tracking. The case of F invertibility is easily dealt
with by separating the integration of Q. into a lin-
ear part and exponential part. The invertibility of B
can be dealt with through an expansion such as that
found in [8] which can be used to generate invertible
parameters A, B and Q by considering multiple ob-
servations as a single observation. A non-homogenous
sensor network where the observation B is described
in a statistical sense is more complex as the use of
E (B) directly yields a lower bound of P. The require-
ment that sensor transmissions be equispaced can also
be relaxed to merely describing the sensor observation
process as probabilistic process with an exponential
distribution between observations and the observation
function incorporated directly.

Theorem 2 Consider as an objective function the
norm M (P (a,N)) :P(a,N) e S™*m™ .
teristic observation loss function

a(N, k) = <1+1> (%H)*C—%

tr (FCQ + CQF/ — Cl)
= (4)
tr Cl — (m — 1) )\min (Cl)
(m — 1) )\min (FCQ + CQFI — Cl)

tr Cl — (m — 1) /\min (Cl)

The charac-

(3)

where

and

C, = F?P + 2FPF' + P (F)> + FQ, + Q.F'
YA (FQB‘l +2FB~'F/ + B! (F’)2> A/
CZ = AQCA'/

describes a contour « (N, k) on M (P (a, N)) that sat-
isfies the inequality

M (PTa(N7),N)) < ¥ () (6)
where K 1S a positive constant that parameterises the
solutions of (6) and Cy and Cs are positive (semi)
definite and c is non-negative.

The characteristic observation loss function sum-
marises the behaviour of the linear system with in-
creasing sensor count and provides an analytical tool
to determine the behaviour of the system under alter-
native loss functions and determine if there is a loss
function that satisfies (6) for all N € (1,00]. Note
that x parameterises the characteristic observation loss
function. By setting s a particular value of the objec-
tive function is selected and particular observation loss
function that passes through 1 (k) generated. Eq. (6)
is a particularly important relationship for the design
of a system as it ensures that increasing the number
of sensors always improves the system performance as

determined by the objective function M (P (a, N)) .

The following theorem uses the previous two theorems
to determine if an observation system is guaranteed to
have “nice” behaviour.

Theorem 3 Satisfying the inequality

< (ca(N)+1) (1 _ (W)) 1)

da (N)

N
dN

for some observation loss function a(N) where ¢ is
defined in (4) is sufficient to satisfy

dM (P @(V), N))
AN

<0

and consequently indicates an improvement in the ob-
jective function for increasing N. Furthermore any ob-
servation loss function that satisfies

a(N) < <1+1> (C(CJ;VU_lﬂLl)C_i

describes a region where M (P (a(N) ,N)) <P(0,1)
and assures that the system benefits from additional
sensors.

(8)




This theorem allows two important practical ques-
tions to be answered. Firstly is there a point where
increasing the number of sensors is not of benefit to
the system, and secondly, at this point does the sys-
tem perform better than a single sensor system without
losses. Note that the bound in [1] is extensible under
Condition 1 to yield an equivalent bound to (8)

1

a(N) < 7)%“ (A7)

(9)

2~

but this bound is looser as it only satisfies
M (limy o0 E (P (tx))) < oo where the expectation is
taken over I',, , and the observation loss process is de-
scribed by an observation loss function a (N). Using
the bound defined by (8) assures that not only is the
expected covariance bounded, but that it is better than
the expected covariance of the ideal single sensor sys-
tem.

4 Discussion

Theorem 3 provides a mechanism for evaluating the
sensitivity of a system to variations in the number of
sensors and the systems observation loss function. Two
questions are frequently raised when designing a sys-
tem. Firstly, under what conditions does the system
perform better than a single sensor system without
communications, i.e. under what conditions is it useful
to have the complexity of a multi-sensor system. Sec-
ondly, under what conditions does adding or removing
sensors increase or decrease some performance metric
such as the mean squared estimator error.

Theorem 3 is used to certify that a particular sys-
tem will always improve in performance for increasing
N provided that the observation loss function a (N)
satisfies (7). In many systems the characteristic obser-
vation loss function is a property not within the con-
trol of the designer, all that is available is the control
of the communications system. Each communications
system structure (queues, channel bandwidths, error
rates) imposes a particular a (N) that is characteristic
of that communication system. The use of (7) allows
the area of safe operation to be evaluated for a par-
ticular communications system and be expressed as an
analytic expression, rather than through the use of nu-
merical methods. This allows sensitivity and failure
mode effects analysis to be performed.

The final advantage Theorem 3 provides is that it
allows the evaluation of a system against a criteria of
a finite metric, rather than just demonstrating that
the system is bounded. This is more useful as it pro-
vides information on how well the system performs,
rather than just the presence or absence of conver-
gence. As such it is more useful than the bounds pro-
vided in [1] and [4] that merely demonstrate conver-
gence. This is particularly useful in comparing between

single and multi-sensor systems by demonstrating un-
der what conditions the distributed multi-sensor sys-
tem fails to outperform the local single sensor system.

The use of Theorem 3 allows an extension to the
concept introduced by Adlakha et. al. in [5]. In Ad-
lakha’s paper the concept of increasing the sampling
rate is introduced as a method of reducing the estima-
tor covariance when using a fixed capacity link. Un-
fortunately this paper only considers the scalar case
and a particular round robin packet loss model. The
interesting outcome from [5] was the observation that
in some cases sampling more finely and then sending a
subset of those samples is sufficient to improve system
performance. While Adlakha derived analytic results
they are only applicable to the scalar system. Theo-
rem 3 provides an alternative method to obtain similar
results. Examination of (8) with a (N) =1 — k/N re-
veals that as N — oo the performance of the system
described by Adlakha approaches that of the single sen-
sor system from below when the system satisfies Con-
ditions 2 and 3. It is also apparent that fewer sensors
is still better than a large number, ideally k/N = 1.

An important point to note on these methods is that
they require access only to the basic system parameters
{F, B, Q.} and the solution of the Riccati Equation P
for the ideal system. By forming the bounds in terms
of the known Riccati equation solution the equations
are considerably more tractable than other approaches
that are written directly in terms of the basic system
parameters.

5 Example

To demonstrate the utility of results an example will
be considered. The goal is to determine if two differ-
ent observation processes will causes improvement in
the systems objective function if additional sensors are
added. The first observation process is described by
1—k/N : N > k and is consistent with a form of
network congestion. The second observation process is
1 —exp (—N/k). The system properties are
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Firstly the parameters of the characteristic obser-
vation loss function are generated using (9) yield-
ing ¢ = .0048. The upper bound of this system is
plotted in Figure 1 using (1) and is compared with
the bound obtained by solving M (limg_, E (P (tz)))
where M (P) = ||P||, .Note that the upper bound
nicely envelopes M (limy_, o E (P (t))), capturing the
behaviour at the extremes of a and N. In Figure 2
the contour lines of the MARE are plotted and com-
pared with the contours of the characteristic observa-
tion loss function bound generated by (3) for various k.
Note that the contours generated by the application of
(3) always cross the true contours in a direction that

1 0
0 1
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Figure 1: Comparison of Upper Bound and MARE
Solution

causes the objective function to decrease. This is due
to (3) being an inequality which can only approach an
equality as N — oco. The Sinopoli Bound is given by
(9) and indicates the upper bound for a stable system
and is shown in red. The bound given by Theorem
3 (8) is given in green. It constrains the observation
loss function more tightly as it bounds functions that
actually improve upon the single sensor system, rather
than are merely stable. Consider the observation pro-

Theorem 3 Bound

305/

Sinopoli Bound
lim,__MEP®))

025k

10 15 20 25 30
Number of Sensors (N)

Figure 2: Contours of M (limy_. E (P (t))),
a (N, k), Theorem 3 and the Sinopoli Bound

cess 1 —k/N. Applying inequality (7) and re-arranging

yields
k AN
c .
1- = 1- il
(%) ()
(10) has the form (1—X) > (1 — X/Y)" and is not
satisfied for all Y > 1,0 < X < 1. This indicates that
there is no ¢ > 0 or k/N € (0,1) that will cause an

increase in N to be beneficial. This is demonstrated
in Figure 3 by evaluating the MARE numerically and

(10)

plotting limy_,oo M (E (P (t))) for differing &k for the
system above. As can be seen increasing N reduces
system performance, albeit by diminishing amounts as
N becomes larger. A final remark is that the obser-
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Figure 3: limy_.oc M (E (P (t;))) where a (N) =
1—k/N:N >kfork={1,1.2515,1.75,2}

vation loss process described is equivalent to a link
with capacity k messages per scan interval with a sin-
gle message buffer. It demonstrates that the system
performance will always be reduced if the link capac-
ity does not exceed the number of sensors.

Consider as a second example the observation pro-
cess 1 — exp (—N/k) . Applying inequality (7) yields

%,;N/k < ((1—exp(=N/K)) e+ 1) x (11)

<1 B (c(l - exi(;iv/k)) n 1>l/c>

Note that ¢ has little impact on the solution region,
which is dominated by the N/k term. For ¢ = 0 (11)
is satisfied when 0 < N/k < 0.806 while as ¢ — oo
then (11) is satisfied for 0 < N/k < 0.693. This indi-
cates that there is no benefit in increasing the num-
ber of sensors beyond k ~ N/0.7 when using the ob-
servation process 1 — exp (—N/k). Using (8) we can
determine that consequently the minimum number of
sensors required to achieve performance better than a
single ideal sensor is 3. This is demonstrated in Figure
4 by plotting limy_..o M (E (P (t))) for differing k for
the system. Note the initial improvement achieved by
increasing the number of sensors, as predicted by (11)
followed by deterioration. The trace of k = 4 shows a
minimal improvement until 3 sensors are present. Of
interest is that the behaviour is largely independent of
¢, the characteristics of the system being observed.
This investigation would have been impractical with-
out using analytic tools, requiring large numbers of
numerical plots. As the results are analytic we can




provides an upper bound to E (P)

< P, (12)

A ((1 —a)(P;L+B) 4 aPa> A+ Q
for a linear system that is sampled in the presence of
a Bernoulli loss process. Let P be the solution of the

equivalent system without loss, the Riccati equation
(2). Assume that the solution of (12) can be written

(13)

E(P)

in the form
P,=P+e
where € is some positive definite error term. By sub-
stituting (13) into (12) and taking advantage of the
properties of P (2) an expression for € can be obtained
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Figure 4: limy_oo M (E (P (tx))) where
a(N)=1—exp(—n/k) for k= {4,7,10}

draw conclusions about general linear systems using
the same communications system. Finally we can
study the system behaviour subject to variations in
c and deduce the system sensitivity to changes in some

system parameters.

6 Conclusion
Using the characteristic observation function to deter-
mining performance bounds for a multi-sensor system
under arbitrary correlated lost observations provides a
useful analytic method for determining the operational
characteristics of a sensor system without resorting to
numerical methods. Performance bounds and sensi-
tivity to network parameters can be established when
an analytic expression for the message loss function is
available.

Further work is required to sharpen the bound and
to relax the analytic requirements. Both the require-
ment for B invertibility and F having non-zero eigen-
values are under investigation. Furthermore it is de-
sirable to describe the sensor characteristics in terms
of statistical parameters rather than requiring all sen-
sors to be identical. All extensions should preserve the
analytic nature of the bounds to allow easier under-
standing of the system characteristics.

7 Appendix
7.1 Proof of Theorem 1

Proof. The upper bound is determined by noting that
the system can be divided into two sections. Firstly an
observation process that is performed by the N sen-
sors, and then a Bernoulli loss process which deletes
some fraction of the observations. It is shown in [1]
that the MARE (Modified Algebraic Riccati Equation)

vece = (1 —a) (I—a(A) " (A)x (14)

vee ( (I+BP)(e)” ' (I1+PB)
+B + BPB

+a(I—a(A) " ((A=T)vecP + vec Q,)

In [1] it is shown that P, is finite provided

1

< 7)%“ (A)2 (15)

Assuming that (15) is satisfied then P, is finite and by

(13) € must be finite as well. i.e. Apax (€) < c0. By
Condition 2 then
—1
) )

I1+BP)(e) ' (I+PB
0<<( —H)?»(—i—)BI(’B :

<(B+BPB) ' <B!

Using (16) and substituting back into (13) and (14) the

relationship for bounds on P,
vecP, < vecP, (17)
vecP, = (I—a(A) " x
((1 —a)vecP + avec Q.

+(A) (1 — a) vec (B)’l)

is obtained. Now consider the multiple sensor sys-
tem. By Condition 1 and 2 the case of N sensors is
equivalent to a single sensor sampling at N times the
rate. We shall write the expression for the covariance
(not expected covariance as the sampling process is not
stochastic) in terms of the simpler single sensor case.
Under the previously outlined conditions the expres-
sion for the estimator covariance is a Riccati equation

_ -1
PN:AN (PN1+B) ?\/‘FQN (18)

Label P as the solution to (2), the single sensor case
of the Riccati equation. Assume that vec Py can be

written in the form
vecPy = Ay vec ((P_1 + B)71 + e)

+ vec (Qn)

(19)



Substitution of (19) into (18) forms the equation

Ap vec ((P*1 + B)_1 + e) + vec (Qn)

= Ay vec (P + B)_1 + vec (Qn)

but noting that Py < P and hence (Pz_vl + B)71 <
(P~ +B) " then ((P3'+B) '~ (P71 +B) ') <
€ and leads to the conclusion that € must not be pos-
itive definite and hence (18) must be an upper bound
when A\pax (€) is set to 0. Substitution of the expres-
sion for Qu yields the upper bound for Py in terms
of the solution of (2) and the system parameters.

Py <Py = Av—1 (G*1 vec Q + vecP)
— G 'vecQ,

Substituting Py, Ay and Qu in place of P, A and
Q respectively into (17) provides P (a, N) the upper
bound of the expected covariance of the state estima-
tor x for N sensors with dropping probability a and

concludes the proof. m

7.2 Proof of Theorem 2

Firstly some results on vec inequalities are required.
Lemma 1 A sufficient condition to satisfy

(vecA"Y BCvecD < 0 (20)
where vec™! (B’ vec A') is positive semidefinite and
Amin (Ve(f1 (Cvec D)) < 0 is given by

(vecI) CvecD < (m — 1) Ain (vec ™! (Cvec D))
(21)

Proof. Use Theorem 3 in [9] and the properties of the
vec operator. W

Lemma 2 If

veeX =(I—-A®A) 'vecY (22)
then X s positive (semi)definite if Y s positive
(semi)definite and |Amax (A)| < 0.

If

veceX = (FQI+I®F) 'vecY (23)

then X is positive (semi)definite if Y s positive
(semi)definite and Amin (F) >0

Proof. Note that (22) is the vec of the discrete time
Lyapunov equation while (23) is the vec of the contin-
uous time form. The lemma follows from the standard
results for Lyapunov equations. m

The main proof of Theorem 2 follows.

Proof. A constant metric contour can be written as
M (PTa(N,R), N)) =t (x)

where a (N, k) is a parametric function of parameters
N and k and 1 (k) is constant with respect to k. To
obtain the parametric function a (N, ) that satisfies a
contour we require that

Cd(e) M (P @ (N, r) ,N))

0= = 24
dN dN (24)
§5) OP(a,N) 0a(N,k
_ dMiP) ( (aaap( 1%1)\/ ) )
dP + Bl
Take the partial matrix derivatives P a(N.r).N) o q

da(N,k)
W. As we are free to choose any structure
of 9 (k) we can select the structure of the parame-
terisation of a and so select a (N/k). Starting with
(1), taking the derivatives as in (24) and substituting
K = (A% —1I) we obtain the first order differential

equation in @ and N.

am@®)\ . P

(40 s v s
vec
KGvecP
+ (A+K)vec Q,
+KAG vecB™!

(1 —a)G%vecP
+(aA+ (1—-a)I) Gvec Q.
+(1—a) AG%vecB™!

da

dN

tsk
-z

=0

Note that by the definition of A that all the eigenvalues
of A must be non-negative. By the definition of a
measure that M (P) must be a convex (not concave)
function and hence dM (P) /dP : P € ST*™ must
form a positive (semi)definite matrix. By Lemma 2
the common terms of (25) are the vec of a positive
(semi) definite term (if Amin (F) > 0). By Lemma 1
a sufficient condition to satisfy (25) where one term is
positive (semi) definite is to set

KGvecP da
vec (I)’ +(A+K)vecQ, N (26)
+KAG vecB™!
ke (1 —a)G?vecP
fﬁ +(aA+ (1 —a)I)G vec Q.
+(1—-a) AG%vecB~!
<(m-1)x
KGvecP da
Amin | vec™ | +(A+K)vec Q. N
+KAG vecB™!
‘e (1 —a)G?vecP
—ﬁvec_1 +(aA+(1—-a)I)GvecQ,

+(1—a) AG*vecB~!



Noting that

K = lim, o % In A (27)
rt Ktg
= limy oo —G G
1m, N > N

and substituting (27) , (5) and (4) into (26) and using
eigenvalue inequalities yields the ordinary differential
inequation

N (28)

kN d
N<1+N> 2 < (1+ac)
K
where (28) can be used to provide a set of solutions
a < a(N/k) that satisfy (26) and hence inequality (6).
The upper bound of (28) is of the form

N\ do
i([1+k— ) —=(1 2
(1) F=trad @)
and has solutions
. K -c 1
a(g,&)-(cB (m+1> _c) (30)

where cp is a constant set by boundary conditions.
Hence the family of curves described by (30) represent
bounds for constant objective function contours. To
establish boundary conditions consider the behaviour
of (1) as N — oo. It is clear that M (P (a, N)) is dis-
continuous at ¢ = 1 as N — oo and correspondingly all
contours must converge at this point. This implies a
boundary condition a (N, k) — 1 as N — oo. Solving
this boundary condition gives cg =1 + % Pulling the
constant k into the parametric value k as ¥ (k) is an
arbitrary function allows us to write

M (PTa(N,#), N)) <t (x)

is given by

a(N, k) = <1+i> <%+1)_C—%

Finally note that Cg is clearly positive definite as
Q. must be positive definite. C; is positive definite by
Condition 3. ¢ is positive as tr (X) — (m — 1) Ayin (X)
must be a positive value for all X € S™*". n

7.3 Proof of Theorem 3

(31)

Proof. Firstly note that 3k € Rt
M(P(a(N),N)) - M(P(a(N,m),N)) — U (k).
where ¢ is a function of a and N. Hence
dM(P(;IE,N)’N)) = diéﬁ)%. Note that dq;,(:)
M(P(a(N,k),N) OM(P(a(N,k),N)) §vec - .

( ) ( o vecP’ ) 2 = ?lili USll'lg

drk do
the results in Theorem (2) and the properties of an

oM (W) OvecP

dvec P’ do must be

objective function

non-negative for all N > 1, k > 0. Taking the deriva-
tive of (31) with respect to x indicates that 9¢ must be

diiﬁ) must be negative. Consequently

d d¥ (k) dr dM(P(a(N),N)

intuitive understanding is that x describes a constant
contour line with ¥ (0) = oo and ¥ (k) decreasing as
 increases. The second bound follows by solving
for a(1,x) = 0. Note that for the ideal single sensor
system that the probability of losing a message is
always 0. m

negative. Hence
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